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Abstract
We give theoretical results obtained for wavelength routings in certain all-optical networks. In
all-optical networks a single physical optical link can carry several logical signals provided that
they are transmitted on di,erent wavelengths. An all-to-all routing in a n-node network is a set
of n(n − 1) simple paths speci-ed for every ordered pair (x; y) of nodes. The routing will be
feasible if an assignment of wavelengths to the paths can be given such that no link will carry
in the same direction two di,erent paths of the routing on the same wavelength. With such a
routing, it is possible to perform the gossiping in one round. The cost of the routing depends
on the number of wavelengths it handles. We give the smallest necessary number of wavelength
over all possible routings for networks based on certain compound graphs. c© 2001 Elsevier
Science B.V. All rights reserved.
1. Introduction
Interconnection networks and communication networks consist of entities that are
interconnected. These entities can be processors, or computer systems [10,8]. Given
an interconnection network, it is useful to compute the values of certain parameters
which are related to the good capabilities of the networks. Here we study one of those
parameters, which is namely the optical-index.
In all-optical communication networks the information is transmitted as light,
and reaches its -nal destination directly without being converted to electrical form in
between.
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The wavelength-division multiplexing (WDM) approach provides means to realize
high-capacity networks, by partitioning the optical bandwidth into a large number of
channels whose speeds match those of the electronic transmission. It allows multiple
data streams to be transferred concurrently along the same optical -bre. The WDM op-
tical network considered here, consists of routing nodes interconnected by point-to-point
-bre-optic links, which can support a certain number of wavelengths. In this model,
signals with di,erent requests may travel on a same communication link into a node v
(on di,erent wavelengths) and then exit v along di,erent links, keeping their original
wavelength. Each link is bidirectional and consists of a pair of unidirectional links. For
more details concerning the all-optical networks see [4].
We model the optical network as a symmetric directed graph G = (V; A) where
each arc represents a point-to-point unidirectional -bre-optic link. We will consider
the gossiping scheme of communication: each node of the network has a piece of
information and the goal is to disseminate the pieces of information so that each node
gets all the pieces of information.
An all-to-all routing in a n-node network is a set of n(n− 1) simple paths speci-ed
for every ordered pair (x; y) of nodes. The routing will be feasible if an assignment
of wavelengths to the paths can be given such that no link will carry in the same
direction two di,erent paths of the routing on the same wavelength. If the routing is
feasible then each node x of G can send in the same time its piece of information
to all the others nodes by using the paths of the routing with initial vertex x. In this
case the gossiping can be achieved in one round. The cost of the routing depends on
the number of wavelengths it handles. We will in the following think of wavelengths
as colours. The aim of this paper is to compute the minimum number of wavelengths
necessary to perform gossiping in exactly one round by using an all-to-all feasible
routing.
Let G be a graph and R a routing of G, we will denote by wg(G; R) the minimum
number of colours needed to colour the paths of R in such way that no edge is traversed
in the same direction by two paths of the same colour. wg(G) will denote the minimum
of wg(G; R) for all the possible routings of G. This parameter will be also called the
optical index of the graph G.
The notion of compound graphs was introduced by several authors to obtain large
graphs with a given degree and diameter, see for example [2,3,7]. Let G and H be
two undirected graphs. A compound graph is formed by replacing each vertex of G by
a copy of H and linking the vertices of a copy of H to another copy by any perfect
matching if and only if there is an edge in G linking the corresponding vertices. It
is easy to see that by this way we can obtain several di,erent graphs depending of
the chosen perfect matching. For given G and H , this class of graphs will be denoted
by G[H ]. Notice that generally G[H ] = H [G] and that (G[H ])[I ] = G[H [I ]]. The
cartesian product of two graphs G ⊕ H is a compound graph. Moreover, G ⊕ H ∈
G[H ] ∩ H [G]. In this paper, we will give the value of wg(G) for networks based on
certain compound graphs.
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2. Denitions
In all the following the routings are always all-to-all routings and when we speak
about undirected graphs we have to keep in mind that for a routing we consider in
fact the symmetric graph obtained by replacing each edge by two arcs of opposite
direction. But we will consider oriented paths.
Let G = (V; A) be a oriented symmetric graph and R a routing of G, the num-
ber of paths of R which use an arc a of G, is called the load of the arc and
denoted by ˜(G; R; a). The maximum over all the arcs is denoted by ˜(G; R): ˜(G; R)=
maxa∈A ˜(G; R; a). The arc-forwarding index of a graph G is ˜(G) =minR ˜(G; R), the
minimum is taken over all the possible routings of G. It is then easy to see that
wg(G)¿˜(G). If we consider an undirected graph and a routing R, the load of an
edge is the total number of paths traversing the edge, then we have the notion of
edge-forwarding index denoted by (G). For more details concerning this notion, see
for example, [9,8]. It is then easy to see that ˜(G)¿ 12(G).
A graph G will be said (k; w)-colourable if there exits a routing R and a colouring
c of its paths: c : R→ {0; 1; : : : ; w − 1}, such that:
• (i) the colouring is feasible, i.e. two paths traversing an edge in the same direction
(i.e. an arc for the corresponding symmetric graph) have di,erent colours.
• (ii) for any vertex x of G, and any i ∈ {1; : : : ; w − 1} at most k paths of colour i
have for initial vertex x.
• (iii) at most k − 1 paths of colour 0 have x as initial vertex.
3. Compound graphs of complete graphs
Let k; w; p be integers and m=max(k; p). We denote by Kp the complete graph of
order p. If R is a routing of a graph G and x, y two distinct vertices of G, we will
denote by R(x; y) the corresponding path of R linking x to y.
Lemma 1. If G is a (k; w)-colourable graph; then any graph H ∈ Kp[G] is (p;mw)-
colourable.
Proof. Let R be a routing of G and c be a colouring of the paths of R for which
G is (k; w)-colourable. Consider H ∈ Kp[G], H is then formed from p copies Gi of
G, 16i6p. Let xi be a vertex of Gi, xj its neighbour in Gj and yj a vertex of Gj
di,erent from xj.
Now we de-ne the routing R′:
For any two distinct vertices x and y belonging to a same copy of G, the routing
is the same. It means that R′(x; y) = R(x; y).
R′(xi; yj) = xixj ∪ R(xj; yj) (see Fig. 1). We have then R′(xi; xj) = xixj.
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Fig. 1. Routing in the compound graph.
We will then use the following colouring c′:
• For the internal paths in each copy, we modify the colouring in the following way:
∀l, 16l6p, ∀i, 16i6w−1, ∀x ∈ V (Gl), if there is  paths r0; r1; : : : ; r−1, 166k,
having the colour i and having x as initial vertex, we de-ne:
c′(rj) = (i; j), 06j6− 16k − 1.
If there is  paths r1; : : : ; r, 166k−1 having the colour 0 and having x as initial
vertex, we de-ne:
c′(rj) = (0; j), 16j66k − 1.
• c′(R′(xi; xj)) = (0; j − imodp).
• For the remaining paths, if c′(R′(xj; yj))=(; ), we have  = 0 if =0. We de-ne
c′(R′(xi; yj)) = (;  + j − i (modp)): (1)
It is easy to see that at most wm colours are used.
Now we show that this colouring satis-es the conditions of the de-nition.
Condition (i): We have to prove that the colouring is feasible.
Let e= xixj be an edge of the matching between the copies Gi and Gj. This edge is
traversed in the sense xi → xj only by the paths r of the form r = xixj ∪ r′, where r′
is an internal path of the copy Gj. Since all the internal paths of Gj with a speci-ed
initial vertex have distinct colours, by 1, it is clear that e is traversed by paths having
distinct colours. Moreover, c′(R′(xixj)) = (0; j− i) = c′(R′(xixj + r′)) because if =0,
 = 0.
Let e=xiyi be an edge of Gi. The colouring c′ for the internal paths of Gi is feasible
since the colouring c is feasible. For the paths with an initial vertex in a copy di,erent
from Gi by de-nition the colours are di,erent.
Condition (ii): Let  and  two integers, 066w − 1, 066k − 1, + ¿ 1.
There is at most one internal path in Gi having the colour (; ) with initial vertex
xi and at most one path with initial vertex xi and terminal vertex yj ∈ Gj for j = i,
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having the colour (; ).
E,ectively, if =0,  = 0,
{
c′(R′(xi; xi+)) = (; ) = (0; );
c′(R′(xi; yj)) = (0; )⇔ c′(R′(xj; yj)) = (0;  + i − j):
Hence there are at most p paths of colour (; ) with initial vertex xi.
Condition (iii): c′(R′(xi; yj)) = (0; 0)⇔
{
c(R(xj; yj)) = 0;
c′(R′(xj; yj)) = (0; i − j); i = j:
Therefore, there are at most p − 1 paths having the colour (0; 0) with initial
vertex xi.
Theorem 1. Let G be a graph with n vertices and maximum degree  and G′ ∈
Kp[G]. We have
n6wg(G′)6max(+ 1; p)× wg(G):
Proof. We will use a general result proved by Gauyacq [5, Proposition 5:6, p. 80].
Let  ′ ∈ I[ ] be a compound graph of I by the graph  . We will denote by:
n the number of vertices of  .
e the number of edges of  .
d (u; v) the distance between u and v in  .
e(I) ′ the number of edges of type I of the compound graph  
′.
#( ) the sum of the distances in
 : #( ) =
∑
(u;v)∈V ( )×V ( )
d (u; v):
Theorem 2 (Gauyacq [5]). Let  ′ be a compound graph of I by the graph  . Then:
n2 #(I)
e(I) ′
6( ′)6max{n (I); nI( )}:
By using this theorem and wg(G)¿(G)=2 we have the lower bound. Now the upper
bound. As the maximum degree of G is , there are at most  paths of the same
colour beginning at one given initial vertex. Hence, G is ( + 1; wg(G))-colourable.
By Lemma 1 we have the upper bound.
Theorem 3. Let pi; 16i6n; be integers; 26p16p26 · · ·6pn. For any
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If we compose in the decreasing order of the pi; for any H ∈ Kpn [Kpn−1 [ : : : [Kp1 ]] : : : ];










1. Kpn is (pn; 1)-colourable, hence G = Kp1 [Kp2 [ : : : [Kpn ]] : : : ] is (p1; p)-colourable.
Since the lower bound given by the Theorem 1 is equal to p, the equality is
satis-ed.
2. Kp1 is (p1; 1)-colourable, hence by using the Lemma 1 and iterating we obtain that
H =Kpn [Kpn−1 [ : : : [Kp1 ]] : : : ] is (pn; p)-colourable. The Theorem 1 gives the lower
bound. This completes the proof.
4. Applications
We apply now our result for a large family of graphs.
4.1. Recursive circulant graphs
The graph we deal with here is the circulant graph G(cdm; d) (0¡c¡d, c ∈ N,
d ∈ N). This graph belongs to a family of circulant graphs denoted by G(N; d) with
N; d;∈ N. Let us de-ne G(N; d).
The set of vertices is V = {0; 1; : : : ; N − 1}, and the set of edges is E = {{v; w},
v ∈ V , w ∈ V= there exists i, 06i6 logd N − 1, such that v± di ≡ w(modN )}.
By de-nition G(cdm; d) has cdm vertices (0¡c¡d). V = {0; : : : ; cdm − 1} is the
set of vertices, and E = {{v; w}, v ∈ V , w ∈ V=∃i, 06i6logd cdm − 1, v ± di ≡
w(mod cdm)}. An edge between v and w = v± di will have the label di. It is easy to
see that G(cdm; d) is a Cayley graph de-ned on the abelian group (Z=cdmZ;+).
The circulant graphs G(cdm; d) were described in [11] as a new concurrent to the
hypercube. They have similar properties, and some of these graphs contains binary
and binomial trees which is important for communications. These graphs for c = 1,
d = 2; 3 or 4 can be obtain by successively compounding complete graphs. This al-
lows us to compute the number of wavelengths that we need to perform an all-to-all
communication scheme.
G(3m; 3) ∈ K3[G(3m−1; 3)] with G(3; 3) = K3.
If m= 2p, G(2m; 4) = G(4p; 4) ∈ K2[K2[G(4p−1; 4)]]
with G(4; 4) ∈ K2[K2](K2[K2] = {C4}).
If m= 2p+ 1, G(2m; 4) = G(2× 4p; 4) ∈ K2[K2[G(2× 4p−1; 4)]]
with G(2× 40; 4) = K2.
G(4m; 4) ∈ K2[K2[G(4m−1; 4)]] with G(4; 4) ∈ K2[K2].
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We can notice that an element of K2[G(2m−1; 2)] is a subgraph of G(2m; 2), with
G(2; 2)=K2. Let Mkp=Cp ⊕ Cp : : :⊕ Cp︸ ︷︷ ︸
k times
, the toroidal grid of dimension k, where each
cycle of the cartesian product has the length p. We have then:
Mk4 ∈ K2[K2[Mk−14 ]] with M 14 ∈ K2[K2]:
Mk3 ∈ K3[Mk−13 ] with M 13 = K3:
From Theorem 3, we can give the following corollary:
Corollary 1. With the previous notations we have:
• wg(G(2m; 2)) = 2m−2,
• wg(G(3m; 3)) = 3m−1,
• wg(G(2m; 4)) = 2m−1,
• wg(G(4m; 4)) = 22m−1,
• wg(Mk3 ) = 3k−1,
• wg(Mk4 ) = 22k−1.
We have to remark that for the -rst equality, Theorem 3 gives only an upper bound,
but we know the edge-forwarding index of G(2m; 2) [5,6]: (G(2m; 2)) = 2m−1. Since
wg(G(2m; 2))¿(G(2m; 2))=2, we obtain the equality.
4.2. Generalized hypercube




p ⊕ Kp and





Corollary 2. Knp is (p;p
n−1)-colourable.
Beauquier [1] found this result independently by a di,erent method.
4.3. Hypercube of cliques
The vertex set of the hypercube Hn is the set of words of length n de-ned on
the binary alphabet, two vertices are linked by an edge if the corresponding words
di,er only in one position. It is easy to see that the hypercube is a compound graph:
Hn ∈K2[Hn−1], with H1 = K2. We then obtain that wg(Hn) = 2n−1, this result was
obtained by Bermond et al. [4] by using an other method.
An other graph on which we can apply our method, is the hypercube of cliques.
The hypercube of cliques HCn of dimension n is formed from the hypercube Hn of
dimension n by inserting an edge between any pair of nodes whose binary addresses
di,er only in the last log n bit positions: HCn = Hn−log n ⊕ K2log n .
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Fig. 2. Hypercube of cliques of dimension 4.
We have then HCn ∈ Hn−log n[K2log n]. Moreover HCn = K2log n ⊕ Hn−log n and
HCn ∈ K2log n [Hn−log n]. See [12] for more details concerning the hypercube of
cliques. An example is given in Fig. 2.
Hence by Theorem 3 we have:
Corollary 3. wg(HCn) = 2n−1.
Notice that Hn−log n ⊕ K2log n ∈ K2[K2[ : : :︸ ︷︷ ︸
n−log n times
[K2log n ]] : : : ].
4.4. Complete transposition graphs
The complete transposition network of dimension n consists of n! vertices, each of
which corresponds to a permutation of n items. Two vertices are connected by an edge
if and only if their corresponding permutations di,er by a single transposition [12,8].
More formally the complete transposition graph CTn of dimension n is a Cayley graph
Cay(Sn; S) de-ned on Sn the group of permutation of n items, with the set of generators
S = {(i; j); 16i6n; 16j6n; i = j} where (i; j) is the transposition which permutes
i and j.
For example the 3-dimensional complete transposition graph is illustrated in Fig. 3.
Proposition 1. CTn ∈ Kn[CTn−1]; CT2 = K2.
Proof. The sub-graphs Gi; 16i6n, of CTn induced by x1x2 : : : xn−1i are isomorphic
to CTn−1. Now we show that there exists a perfect matching between the vertices of
two sub-graphs Gi and Gj; 16i = j6n:
The vertex x1x2 : : : xn−1i is adjacent to the vertex y1y2 : : : yn−1j if and only if ∃l; xl=
j; yl = i and xk = yk ; 16k = l6n− 1. It follows that, any vertex of Gi is adjacent to
a unique vertex of Gj.
By applying Theorem 3 to the complete transposition graph we obtain:
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Fig. 3. CT3 ∈ K3[K2].
Corollary 4. For any n¿2,
(n− 1)!6wg(CTn)6n!2 :
5. Compound cycles
The toroidal grid Mkp and the recursive circulant graphs G(cd
m; d) are compound
cycles:
G(cdm; d) ∈ Cd[G(cdm−1; d)] and Mkp ∈ Cp[Mk−1p ]. We have only one result con-
cerning the compound cycles:
Proposition 2. wg(G(52; 5)) = 15:
We will use an ad hoc method for this graph.
We know the edge-forwarding index of the recursive circulant [5,6]:
Theorem 4. If m¿1; d¿2; (m; d) = (1; 2) and (c; d) = (2; 3) then the edge-
forwarding index of G(cdm; d) is cdm−1d2=4.
Hence: (G(52; 5)) = 30⇒ wg(G(52; 5))¿15.
The recursive circulant graph G(cdm; d) is a Cayley graph on the abelian
group (Z=cdmZ;+). The considered set of generators being {±di; 06i6m if c = 1;
06i6m− 1 if c = 1}. We will say that an edge e = xy is of type i, if y = x + i. A
path will be said of type i1i2 : : : ik , if it is formed from consecutive edges of types
i1; i2; : : : ; ik .
For G = G(52; 5), the generators are ±1 and ±5. In what follows the symbol +
will mean the addition modulo 25. We de-ne now an all-to-all routing R of G and a
colouring of its paths with 15 colours, in such way that two paths traversing a same
edge in the same direction have di,erent colours.
The routing R: We de-ne from the vertex 0 the following set of paths R0 to reach
all the others vertices: R0={1; (−1); 5; (−5); 11; (−1)(−1); 55; (−5)(−5); 1(−5); (−1)5;
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15; (−1)(−5); 1515; 151; 515; (−1)(−5)(−1)(−5);(−1)(−5)(−1); (−5)(−1)(−5); 1(−5)
1(−5); 1(−5)1; (−5)1(−5); (−1)5(−1)5; (−1)5(−1); 5(−1)5}. And to route from any
vertex we will take the isomorphic image of this set of paths by rotating. The routing
is de-ned, we have now to de-ne the colouring.
The colouring: To colour the paths of type (−1)5 and 1(−5), we need only one
colour.
To colour the paths of type 15 and (−1)(−5), we need only one colour.
The paths 1; (−1); 5; (−5); 11; (−1)(−1); 55; (−5)(−5) can be coloured with 3 colours.
By keeping in mind that the graph G = G(52; 5) is a compound cycles, it is easy to
see that the colour of each path can be deduced from the colours of the paths of the
cycle C5.
By doing from the vertex 0 a walk using alternatively arcs of type +1 and +5, we
form a Eulerian cycle C. Indeed the used edges of type 1 are of the form (6k+1; 6k+6).
Let e1 = (6k; 6k + 1) and e2 = (6p; 6p + 1) be two used edges of type 1 of C then
e1 = e2 ⇔ 6k = 6p (mod 25) ⇔ 6 (k − p) ≡ 0 (mod 25). The same argument works
for the edges of type 5. Hence, we have to walk on 25 edges of type 1 (resp. 5) to
walk again on the same edge. Hence, C is a cycle of length 50 = |E(G)|. It follows
that C is an Eulerian cycle.
By considering an Eulerian cycle obtained by doing a walk using alternatively edges
of type +1 and +5, we can colour all the paths of length 10 of type 1515151515 with
5 colours. A such path is the concatenation of three paths: one path of length 4 of
type 1515, one of length 3 of type 151 and one path of length 3 of type 515.
Hence, with 5 colours we can colour all the paths of type 1515,151 and 515.
With these same colours we can colour all the paths of type (−1)(−5)(−1)(−5),
(−1)(−5)(−1), and (−5)(−1)(−5). By considering an Eulerian cycle obtained by
doing a walk using alternatively edges of type +1 and (−5), we can prove by the same
argument that we can colour by using 5 colours all the paths of type 1(−5)1(−5);
1(−5)1; (−5)1(−5), and (−1)5(−1)5, (−1)5(−1), 5(−1)5. Now, all the paths are
coloured and the routing is feasible. In total we have used 15 colours. This completes
the proof.
6. Conclusion
By applying our method to certain compound graphs, we are able to compute the
optical index of families of recursive circulant graphs. Is it possible to extend this
method to compute the optical index of the entire family G(cdm; d)?
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